Starting from a third order skew-symmetric tensor of continuity to represent area vectors (bivectors) of Cauchy's tetrahedron in a damaged state, a second order damage tensor is found which has the diagonal form with respect to the considered coordinate system.
Introduction
The creep process in its tertiary phase is essentially influenced by the effect of damage. It is well known that the process of creep of a metal is accompanied by the formation of microscopic cracks on the grain boundaries and that damage-accumulation occurs.
In the phenomenological uni-axial theory due to Kachanov (1958) material deterioration is considered by introducing an additional variable co or, alternatively, y/ = 1 -co into the constitutive equations i.e. the strain rate can be expressed in the form £ = /((j, i//), where a is the nominal stress of a uniaxial tension specimen. The material parameters CM and y/ describe the current state of material damage and the "continuity" of the material, respectively. The parameter of "continuity", y/, represents that fraction of the cross-sectional area which is not occupied by either voids or internal fissures. The net stress acting over the cross-section of a uniaxial tension specimen is then o=o/co.
When y/= 1 the material is in its virgin state and the constitutive equation mentioned above is reduced to the corresponding relationship for the secondary creep stage. When yj = 0 the material can no longer sustain load and the function is required to approach an infinite * The first version was received June 25, 1982.
Reprint requests to Prof. Dr.-Ing. J. Betten, Mathematische Modelle in der Werkstoffkunde, Techn. Hochschule Aachen, Templergraben 55, D-5100 Aachen. strain rate. Furthermore, it is assumed that the damage rate co or, alternatively, the rate of change of the continuity y/ is also governed by the nominal stress and the current state of continuity, i.e. y/ = -g{o, y/). Deliberations about the forms of the functions / and g were made in detail by many scientists, for instance by Chrzanowski [1] , Goel [2] , Hayhurst and Leckie [3] , Hayhurst et al. [4] . In generalisation of Kachanov's theory constitutive equations and anisotropic damage growth equations are given by expressions like Eij = fij (a, co) and cb /f = g u (<r, co), respectively, where a is Cauchy's stress tensor, and co is an anisotropic damage tensor. Creep damage tensors are constructed, for instance, by Murakami and Ohno [5, 6] , They assumed that material damage accumulating in the process of creep can be expressed by a symmetric tensor of rank two. Rabotnov [7] introduced also a symmetric second order tensor of damage and defined a symmetric net stress tensor ff by a linear transformation, o,j = Qj jk i a k i, where the fourth order tensor S2 is assumed to be symmetric. In the present paper it is pointed out that the fourth order tensor is only symmetric corresponding to the first index pair ij, but not to the second one k I. Thus, the net stress tensor is not symmetric in the anisotropic damage case.
Starting from a third order skew-symmetric tensor of continuity to represent area vectors (bivectors) of Cauchy's tetrahedron in a damaged state, we finally find a second order damage tensor which has the diagonal form.
Definitions
In this paper rectangular cartesian components of the tensors are used througout; results discussed here can be expressed in terms of general curvilinear coordinate systems by the standard techniques of tensor analysis. Index notation and Einstein's summation convention are employed. Confining to cartesian tensors we define: In the following we restrict to a three-dimensional space (v= 3) and consider bi-vectors and tri-vectors: In rectilinear components in three-dimensional space, we see that the absolute values of the components (3.3) are the projections of the area of the parallelogram, considered above, on the coordinate planes. Thus Sjj, according to (3.2) , represents an area vector in three-dimensional space and has an orientation fixed by (3.1 a). According to (3.1 b) a surface element dS with an unit normal /?,-, i.e. dSj = n, d.S, is expressed by
The components of the bi-vector n are the direction cosines n x , n 2 . n 3 :
The principal invariants of (3.5), defined as
take the following values:
•/,(!») = 0, -y 2 («) = «1 + «2+ «3= 1 ,
i.e. the only nonvanishing invariant is determined by the length of the vector n,.
Imagine that at a point o in a continuous medium a set of rectangular coordinate axes is drawn and a differential tetrahedron is bounded by parts of the three coordinate planes through o and a fourth plane not passing through o, as shown in Figure 1 a. Such a tetrahedron can be characterised by a system of bi-vectors,
where the sum is the zero vector:
In a damaged continuum we define a "net crosssection" S = y/ S where y/ ^ 1 describes the "continuity" of the material, as mentioned in the introduction. Then, by analogy of (3.8), a tetrahedron in a damaged continuum ( Fig. 1 b) can be characterized by the following system of bi-vectors:
where i ijk = a e ijk , ß iJk = ß e iJk , etc. are total skewsymmetric tensors of order three, which have the essential components a, 23 = a, ß\ 23 = ß, etc., respectively.
From Fig. 1 (a,b) we find that only dS, = -n\ dS, If a tensor is symmetric or antisymmetric, respectively. in one Cartesian coordinate system, it is symmetric or antisymmetric in all such systems; thus symmetry and antisymmetry are really tensor properties. Therefore, the skew-symmetric tensor (3.13 a) has only three essential components in any Cartesian system, for instance, a, /?, y in relation to the system .v, or a*, ß*, y* with respect of the system A",*.
The only nonvanishing invariants of the bi-vectors (3.13) and (3.14) are determined by their lengths: This tensor is skew-symmetric only with respect to the two bracketed indizes [jk] and possesses three essential components (a, ß, 7), as illustrated in Figure 2 .
In the isotropic damage state (a = ß=y= x) the tensor (3.18) is total skew-symmetric, and the undamaged continuum (y. = ß = 7= 1) is characterized by the third-order alternating tensor e ijk .
Supplementary to (3.18) we introduce the "damage-tensor" Figure 2 . Especially, from Fig. 2 we can see the skew-symmetric character of the third order tensor of continuity indicated in (3.20) and its three essential components a, ß, 7. These values are fractions which represent the net cross-section elements perpendicular to the coordinate axes X\, x 2 , X3 (Fig. lb) and which can be measured in tests on specimens cut along three mutually perpendicular directions .v,, -v2,-v3.
According to (3.4a) a damaged surface element dS can be expressed in the dual form dSjj = Ejjk dS k <=> dSj = 3 Ejjk dSjk, (3.24) and using the tensor of continuity (3.18) we find This tensor has the antisymmetric properties
dSjj -y/kij dS k dSj = y if/jjk dS jk
and is symmetric only with respect to the index pairs, i.e.
Vijpq = Vpqij • (3.29)
More briefly, the properties (3.28) and (3.29) can be indicated by
Vijpq = V([ii\[pq]) • (3-30)
The essential components of the tensor (3.27) are given by In the isotropic damage state (a = ß = y = x) the tensor (3.27) is proportional to Kronecker's generalized delta öjjpq = Ekij £k P q, and is identical to that one in the undamaged continuum characterized by x = ß=y = 1.
Stresses in a Damaged Continuum
In the undamage continuum (Fig. 3a) Cauchy's formula is derived from equilibrium, where p, and w, are the components of the stress vector p and the unit vector normal n, respectively. In the same way we get to the corresponding relation for a damaged continuum.
Pi V(n) = Vjk Oki rij (4.2)
where y/jk are the components of the continuity tensor ij/ according to (3.20) . The surface elements dS and dS in Fig. 3 are subjected by the same force vector: that is, the actual net-stress tensor <x is non-symmetric in the anisotropic damage case:
This fact is a disadvantage, and it is awkward to use the actual net-stress tensor a in constitutive equations with a symmetric strain rate tensor e. Therefore, we introduce a transformed net-stress tensor t defined by the operation Because of the symmetry properties (4.11) and (4.17) the fourth-order tensor of continuity (4.16) and its inversion (4.10) can be represented by 6 x 6 square matrices, which, because of (3. 
Comparing (4.27) and (4.29) we see, that (4.29) can be interpreted as Cauchy's formula for the damaged configuration, which is subjected to the pseudoforce dPj = 11 dP k instead to the actual force dPj.
Because of the non-symmetric properties of the "net-stress-tensor" 6 and the operator </>, i.e. Because of (4.6a) the right hand sides in (4.32a,b) are symmetric with respect to the indices / and j. Furthermore, we see the symmetry with respect to the indices p and q. This fact can be seen immediately from (4.5 a). In the special case of isotropic damage, i.e. i//, 7 = y/ö/j or 6 pq = o qp , the second term of the right hand side in (4.32b) vanishes. Then, equation (4.32b) is identical to those formulated by Rabotnov [7] ,
Oij -\ (Oij
In a similar way, from (4.5 b) we find the decomposition of the "net-stress-tensor" a into a symmetric and an antisymmetric part: ^ ^ 
The results given above may be expressed by the damage tensor co. For instance, from (3.27 a, b) in connection with (3.19) are invariants of the damage tensor co. Finally, we consider Cauchy's stress equations of equilibrium, Ojij= 0, (4.39) in the absence of body forces. Then, by using the transformation (4.4), we have the equilibrium equations in the net stresses: The symmetry of Cauehy's stress tensor (cr,,-= cr,-,) resulting from moment equilibrium yields the condition For the isotropic damage case (y/,-,•= (4-42) is equal to the decomposition a^ = (dy,-+ öjj)/2 + (öjj -öjj)/2, i.e. the "net-stress tensor" is symmetric (djj = öjj) in this special case only.
